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Sensitivity Parameter and Time Variations of Fundamental Constants
Su Yan
Department of Physics and Astronomy, Northwestern University, Evanston, IL 60208, USA
The sensitivity parameter is widely used for quantifying fine tuning. However, examples show
it fails to give correct results under certain circumstances. We argue that the problems of the
sensitivity parameter are almost identical to the consequences we have to solved if the time-varying
fine structure constant is proved to be true. The high sensitivity of the energy scale parameter Λ
to the dimensionless coupling constant plays an important role in these problems. It affects the
reliability of the sensitivity parameter via mechanisms such as dynamical symmetry breaking, chiral
symmetry breaking etc. The reliability of the sensitivity parameter can be improved if it is used
properly.
PACS numbers: 11.10.Hi 12.10.Kt 98.80.Cq
I. INTRODUCTION
Recent astrophysical observations have shown the possibility of small time variation of the fine structure constant
on the cosmological time scale:
δα
α
= (−0.57± 0.11)× 10−5 (1)
for the redshift range 0.2 < z < 3.7[1, 2]. Some researchers suggested that such time variations of the coupling
constants could yield large time variations of other physical quantities[3, 4, 5, 6], which are difficult to explain under
current high energy physics framework. For example, X.Calmet et al[4] and Langacker et al [6] suggested that because
of the following relation between the QCD scale ΛQCD and the strong coupling:
Λ˙QCD
ΛQCD
= ln
(
µ
ΛQCD
)
α˙s
αs
≃ 38
α˙s
αs
(2)
those physical quantities related to the QCD scale could also exhibit large time variations. For example, the proton
mass can be linked to the QCD scale by[6]:
m˙p
mp
≃
Λ˙QCD
ΛQCD
(3)
which will lead to large time variation of the proton mass. Theoretically it is difficult to explain why such large
variations are allowed. These consequences may become theoretical problems if the fundamental couplings are really
time varying.
Similar results for other physical quantities can also be found[4, 5, 6, 7]. Although the mechanisms involved are
highly model dependent, the results are almost identical: those physical quantities all exhibit large time variations.
Understanding why the nature allows such large time variations is difficult, which still lacks acceptable explanations.
However, the previous studies[4, 5, 6, 7] give us a clear picture of the relations between the variations of the couplings
and the variations of the mass quantities, which will be very helpful for us to understand the problems of the sensitivity
parameter.
The sensitivity parameter[8] proposed by R. Barbieri, G.F.Giudice and J. Ellis et al is a quantitative measure
widely adopted to quantify the severity of fine-tuning[9]. Its idea is quite simple. Think of a weak scale measurable
parameter y which is affected by the fine-tuning problem, it shows strong dependency on a fundamental Lagrangian
parameter x at the Planck scale. The sensitivity parameter c(x) then can be defined as:
δy
y
= c(x)
δx
x
(4)
Along with this definition, usually a particular value c = 10 is chosen as the maximum allowed value for the
parameter x to be categorized as “natural”[8], though the choice of c = 10 itself is quite arbitrary. The measure c(x)
along with the cut-off value c = 10 constitute the sensitivity criterion.
2Although generally the largeness of the sensitivity parameter is in good correspondence with the severity of fine-
tuning, it does fail under certain circumstances[10, 11, 12, 13]. For instance, G. Anderson et al[10] pointed out that
if the proton mass mp is expressed as the function of the strong coupling constant g and the Plank mass MP by
dimensional transmutation:
mp ≈MP e
−(4pi)2/bg2(MP ) (5)
which yields the sensitivity parameter:
c(g) =
4pi
b
1
αs(MP )
>
∼ 100 (6)
even though the proton mass is quite “natural”.
Later P. Ciafaloni et al[13] also pointed out that when the Z-boson mass MZ is dynamically determined through
gaugino condensation in a “hidden” sector:
MZ ≈MP e
−l/g2
H (7)
where gH is the hidden sector gauge coupling constant renormalized at MP , l is a constant. Again the sensitivity c
of MZ will always be much greater than the fine-tuning cut-off c = 10, although it is well known that Z-boson mass
MZ is not always fine-tuned.
Similar examples can be found in many places[14, 15, 16, 17, 18]. These examples all show that the sensitivity
criterion is problematic. Although previously many authors have attempted to explain these problems, yet none
of them can claim quantitative rigor[19]. No widely accepted explanation has ever been proposed to explain why
sometimes the sensitivities are so large for the quantities that are apparently nothing to do with fine-tuning. The
problem of the sensitivity parameter is still an open question.
With a careful exam of these cases, it is not difficult to find that the sensitivity parameter fails only when a
dimensionful mass parameter is compared with a dimensionless coupling constant. This scenario is very much similar
to the problems related with the time-varying fine structure constant. To investigate their possible connections, simply
rewrite Eq. 2, we have:
ΛQCD = µe
2pi/β0αs(µ) (8)
which is almost identical to Eq. 5 and Eq. 7. The mathematical similarities remind us that these two types of problems
might be identical theoretically. Because of the importance of the fine-tuning problems in particle physics, it is worth
to investigate the relationship between the sensitivity related problems and the time-varying coupling constant related
problems. Then we can further understand the reason why the sensitivity parameter is so large for those physical
quantities that are apparently nothing to do with fine-tuning.
II. EXPLANATIONS
To further investigate the possible intrinsic connections between the problems of the sensitivity parameter and those
consequences[4, 5, 6, 7] we need to explain if the fine structure constant is time varying, it is necessary to revisit the
possible mechanisms involved in comparing a dimensionful mass parameter with a dimensionless coupling constant.
Suppose we have a general quantum field theory with a dimensionless coupling constant g and several dimensionful
mass parameters mi, without considering any specific interactions, the lowest order renormalization group equations
can be written as[20, 21, 22, 23, 24]:
dmi
dt
= γij(g)mj + · · · (9)
dg
dt
= β(g) + · · · (10)
where t = lnΛ/Λ0. β and γij are dimensionless functions of the coupling constant. Because g is dimensionless so the
function β(g) here can not have the first order term. As an example, in QCD they are[21, 22, 23, 24]:
β(g) = −b
g3
16pi2
+ ... (11)
3γij = γ
0
ij
g2
16pi2
+ ... (γ0ij = 0 if i 6= j) (12)
The solutions of Eq. 9 and Eq. 10 can be written in the following matrix formation:
m =m0e
∫
t
t0
Γdt
+ · · · (13)
where m = (mi), Γ = (γij) are matrices. The matrix m0 is the initial value of the matrix m, obviously it does not
explicitly depend on the running of the energy scale. From the renormalization point of view, generally a physical
quantity(for example, m in Eq. 13) can be separated into two factors: the factor that explicitly depends on the
running of the energy scale(for example, exp(
∫ t
t0
Γdt) in Eq. 13), and the factor that is renormalization invariant(for
example, m0 in Eq. 13)[5]. This separation is very important, because in renormalization the factor that depends on
the running of the energy scale mainly decides whether the physical quantity is fine-tuned or not.
Here we take QCD as an example. The reason why we choose QCD is simply because fermion masses in QCD
are protected by the gauge symmetry, they are not fine-tuned. Therefore we can easily judge whether a fine-tuning
measure is correct or not. For simplicity assume Eq. 9 and Eq. 10 only have one mass parameter m, as a result of the
gauge symmetry, the one loop correction to the mass parameter will diverge logarithmically rather than quadratically:
δm ≈ g2 ln
Λ
Λ0
(14)
Obviously the logarithm function removes the fine-tuning possibility. Solving Eq. 9 and Eq. 10, the solution will
be[20]:
m(t) = m(t0)
( g(t)
g(t0)
)
−γ0/b
(15)
The sensitivity for the renormalization dependent factor (g(t)/g(t0))
−γ0/b will be:
c ≈ γ0/b (16)
Because the anomalous dimensions are usually small[25], thus the result of Eq. 16 usually is much smaller than 10.
For this part, the sensitivity parameter is consitent with the severity of fine-tuning.
As for the renormalization invariant factor m(t0), here it is just an initial value and does not contribute to the
fine-tuning. Therefore in renormalization mainly the factor that explicitly depends on the energy scale controls
whether a physical quantity is fine-tuned or not. If the sensitivity of the renormalization invariant factor m(t0) is
also neglectable, then the severity of fine-tuning will be consistent with the largeness of the sensitivity parameter. If
everything ends up here, then we won’t have any problem of the sensitivity parameter.
As X.Calmet and H.Fritzsch[4] and Langacker et al[6] pointed out, due to the existence of the asymptotic freedom,
the QCD scale parameter ΛQCD will be highly sensitive to the strong coupling constant:
δΛQCD
ΛQCD
= 38
δαs
αs
(17)
Besides, due to the coupling constant unification, any energy scale parameter will also be highly sensitive to the
variation of a gauge coupling constant[4, 6]:
δΛ
Λ
= (38± 6)
δα
α
(18)
Becuase for any dimensionless couplings, the lowest order term of its β function is always the third order term[21,
22, 23, 24], therefore, the mathematical relation between a dimensionless coupling and the energy scale parameter Λ
must be an exponential function, which means the energy scale parameter Λ is always highly sensitive with respect
to minute variations of the dimensionless coupling constant. Therefore in Eq. 18 if the fine structure constant α
is replaces by another dimensionless coupling, we will still have the similar result. Apparently, the mass dimension
difference between the dimensionless coupling and the dimensionful energy scale parameter Λ is the origin of these
large sensitivities. This phenomenon can be treated as one of the intrinsic properties of the energy scale parameter
4and should not be understood as a theoretical problem. The large sensitivity given by Eq. 2 obviously does not mean
fine-tuning.
The renormalization invariant factor of a physical mass usually is its initial value at a given energy scale. Therefore
principally, if there exists a mechanism that ends up with a linear relation between a specific mass and Λ, and if that
specific mass is used to define the renormalization invariant factor, then we will be able to find a relation similar to
m(t0) ∼ Λ (19)
if this is true, then the sensitivity parameter of m(t) to g will be:
c =
γ0
b
+
g(t0)
Λ
∂Λ
∂g(t0)
≃
g(t0)
Λ
∂Λ
∂g(t0)
≃ 38 (20)
The sensitivity given by Eq. 20 is completely different from the sensitivity given by Eq. 16. The large sensitivity of Λ
to g from Eq. 18 greatly changes the sensitivity of m(t) to g. Based on the sensitivity criterion, the mass m is highly
fine-tuned, even though it is protected by the gauge symmetry and is nothing to do with fine tuning. This example
shows why the sensitivity parameter failed in the cases discussed in the introduction.
In particle physics, Many mechanisms can give a relation similar to Eq. 19. For example, for theories that are
asymptotically free, the running of the coupling constant g can produce a mass m(g,Λ0) via dynamical symmetry
breaking[26]:
m(g,Λ0) = Λ = Λ0e
−
∫
dg/βg (21)
If the initial value of a physical mass (the renormalization invariant factor) is given by Eq. 21, then apparently
the physical mass will also be highly sensitive to g, even if the mass quantity itself has been stabilized by the gauge
symmetry. The mechanism of the dynamical symmetry breaking is widely used, therefore many mass parameters will
be affected. For example, in supersymmetric standard models, dynamical symmetry breaking is used to specify the
initial values of the soft masses[27], so soft masses will be highly sensitive to g. Similar examples have already been
studied by P. Langacker et al.[6] and B. Campbell et al.[28] for the time-varying coupling constant problems.
Besides the dynamical symmetry breaking, other mechanisms such as gaugino condensation, chiral symmetry break-
ing etc also have the same effect. For example, chiral symmetry breaking[29] gives the following relation:
〈0|qq¯|0〉1/3 ∼ Λ (22)
If the initial value of a nucleon mass is defined by Eq. 22, then the nucleon mass will be highly sensitive to the
variation of g. This scenario is similar to the time-varying coupling constant problems discussed by T. Dent et al.[5]
and T. Chiba et al[30].
Technically, the problem of the sensitivity parameter is the counterpart of the problem that related with the time-
varying coupling constants. The time variations of the fine structure constant α˙ corresponds to the variations of the
initial value δx here. Similar to our analysis, the large time variations of the physical quantities are caused by the
large time variations of the energy scale parameter Λ˙, and the large time variations of the energy scale parameter
Λ˙ are caused by the small time variations of the fine structure constant α˙. The last step is the consequence of the
mass dimension difference between the fine structure constant α and the energy scale parameter Λ. The large relative
changes of nucleon mass and many other dimensionful quantities in the time-varying coupling constant problem
are obviously due to the native scale difference between the energy scale parameter and the dimensionless coupling
constants.
We can easily verify that either the problems of the sensitivity parameter, or the problems related with the time-
varying coupling constant disappear when two physical quantities compared have the identical mass dimension. Re-
place the mass matrix m with two dimensionful mass parameters mi and mj , the solution of Eq. 9 now becomes[20]:
mi(t) =
∑
j,k
Uije
∫
dt(−Γ0/b)U−1jk mk(t0) (23)
where Γ0 is the matrix formation of γ0ij , Uij is the element of the matrix that diagonalizes Γ
0.
Because in Eq. 23, the exponent Γ0/b does not explicitly contain any mass parameter, thus the value of
∂mi(t)/∂mj(t0) will not be affected by the factor ∂Λ/∂g. So it is quite straightforward to conclude that the sensitiv-
ity of a dimensionful mass parameter mi(t) to another dimensionful mass parameter mj(t0) won’t have the problem.
Because of the mathematical similarities, we can also conclude that the problems caused by the time-varying coupling
constant also only exist in the dimensionful parameters. The dimensionless parameters won’t have such problems.
5III. DISCUSSIONS
There are several important consequences for this mechanism. First, it affects the validity of the sensitivity criterion.
Certainly this doesn’t mean the sensitivity criterion will fail under any circumstances. As we have analyzed, the sen-
sitivity criterion is unreliable only when a dimensionful quantity and a dimensionless coupling constant are compared.
And furthermore, these two parameters need to be at two different energy scales, thus need to be mathematically
linked by renormalization. Besides, there should be a mechanism which mathematically associate the renormalization
invariant factor of the dimensionful mass quantity to the energy scale parameter Λ.
If the above conditions are not met, then the sensitivity parameter will not fail. For example, for the fine-tuning
problems exist in the mass mixing[31, 32], where all parameters involved are at the same energy scale and a renor-
malization evolution is not required to mathematically link these parameters. Therefore the sensitivity parameter
can be used as an accurate measure for the severity of fine-tuning. Estimate the severity of fine-tuning by comparing
two parameters with different mass dimensions at different energy scales is the situation that we need to pay special
attention to.
To solve these problems, many researchers have proposed many explanations and alternative prescriptions[10, 11,
12, 13, 14, 15, 16, 17, 33, 35, 36, 37, 38]. Those alternative fine-tuning measures received severe criticism[19, 34].
Obviously, a good fine-tuning measure can not be properly defined without the knowledge of which mechanism causes
the failure of the sensitivity measure. Because otherwise the results based on these alternative prescriptions could
also be misleading.
Based on the analysis in the previous section, we now finally know which mechanisms can fail the sensitivity measure.
But due to the complexity of the real models, the effects of these mechanisms to the sensitivity measure are highly
model dependent. It is quite impossible to remove these effects and then invent a simple yet universal prescription
that can be easily applied to any models. The advantages of the sensitivity criterion are obvious, though occasionally
it has problems. If we want to find a way to measure the fine-tuning correctly without losing the beauty of simplicity
and straightforwardness, it is better to keep the sensitivity criterion but avoid using it when two parameters with
different mass dimensions at different energy scales are compared, because this is the simplest and the most efficient
solution for these problems.
Second, because the mechanisms such as the dynamical symmetry breaking, the gaugino condensation etc play
important roles in modern particle physics theories. While experimentally, we still have difficulties to directly verify
the existence of these mechanisms. The time variation problem discussed here connects those mechanisms with the
astrophysical observation, therefore it can be used as a probe to test new particle physics theories without resorting to
a powerful accelerator. If in the future we can find an astrophysical way to measure the time variations of the proton
mass or any other dimensionful physical quantities, for example, using Zeeman effect[39] to measure the mass-to-
charge ratio in astrophysical observation, we may be able to learn the fermion masses at the early cosmological epoch.
By comparing the variations with our theoretical predictions, we can indirectly learn the details of these mechanisms,
for example, the gaugino condensation.
Finally, as we mentioned in the first part, the fine-tuning cut-off sensitivity c = 10 is an arbitrary value manually
chosen by Barbieri and Giudice. We don’t have any experimental evidence to support this value. Physical quantities
with c ≥ 10 could be fine-tuned but could also be nothing to do with fine-tuning. If in some way we can learn the
time variations of various physical quantities by the astronomical observation, then we can further calculate the real
sensitivities of these physical quantities in our universe. With these data we will be able to choose a more reasonable
fine-tuning cut-off for the sensitivity parameter, not just the arbitrary value cmax = 10 chosen[8].
IV. CONCLUSIONS
The problems of the sensitivity parameter have been discovered for more than ten years. Many analyses, explana-
tions and alternative prescriptions have been proposed to solve these problems. But none of them has been accepted
widely. The reason why the sensitivity parameter fails under specific circumstances still remains unclear.
The recent discovered time-varying fine structure constant and its related problems give us a clue to deal with
the problems of the sensitivity parameter. We have investigated the examples that the sensitivity parameter fails,
compared them with the problems associated with the time-varying coupling constants, demonstrated that the reason
why the sensitivity parameter fails to represent the true level of fine-tuning is because the renormalization invariant
factor of a dimensionful parameter is linked to Λ via various mechanisms. Thus the large sensitivity of Λ to the
dimensionless coupling will greatly influence the sensitivity calculation, severity of fine-tuning will be over-estimated.
Technically, the problems associated with the sensitivity parameter are identical to the problems associated with the
time-varying coupling constants.
6Finally, we want to point out that this effect only exists when parameters with different mass dimensions at different
energy scales are compared. Based on these analyses, we argue that the best way to avoid these problems is always
compare parameters with same mass dimensions if they are at the different energy scales.
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